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ON THE BORDISM GROUP FOR GROUP ACTIONS ON THE
TORUS
KATHRYN MANN AND SAM NARIMAN
Abstract. In this short note, we study the bordism problem for group actions
on the torus and give examples of groups acting on the torus by diffeomor-
phisms isotopic to the identity that cannot be extended to an action on a
bounding 3-manifold. This solves a question raised in the previous work of the
authors.
1. Introduction
In [Bro68], Browder introduced the notion of (oriented) bordism for diffeomor-
phisms. Two orientation preserving diffeomorphisms fi ∶ Mi → Mi of closed, ori-
ented n-manifolds Mi are bordant if there is an oriented bordism W between M1
and M2 and an orientation preserving diffeomorphism H ∶ W → W that restricts
to fi on Mi. Bordism classes of group actions on n-manifolds form an abelian
group denoted ∆n (sometimes written ∆n+ to emphasize orientation). Kreck (see
[Kre84]) computed these for n > 3, shortly after this Melvin [Mel79] showed ∆3 = 0,
and the group ∆2 was eventually computed by Bonahon [Bon83] using work of
Scharelmann.
Viewing a diffeomorphism as a Z-action, Browder’s definition readily generalizes
to other groups:
Definition 1.1. For n-manifolds M1 and M2 and a discrete group Γ, two homo-
morphisms ρ1, ρ2 ∶ Γ → Diff(Mi) are bordant if there is a (n + 1)-manifold M and
a representation φ ∶ Γ → Diff(M) such that ∂W = M1 ⊔ −M2 and such that the
restriction of φ(γ) to Ni agrees with ρi(γ) for each γ ∈ Γ.
Bordism classes of group actions on n-manifolds form an abelian group ∆(n,Γ)
under disjoint union. As in Browder, we will assume all manifolds orientable and
all diffeomorphisms orientation preserving.
Here we study the role that the algebraic structure of Γ plays in the structure of
the group ∆(n,Γ) rather than the role played by the topology of the manifold on
which it acts. To focus on this algebraic aspect, we wish to require of our actions
of Γ on Mi to have the property that every individual element of Γ extends to act
on every manifold W bounded by M1 ⊔M2. A simple way to ensure this is to take
actions by isotopically trivial diffeomorphisms: requiring that ρi(Γ) lies in the iden-
tity component Diff0(Mi) of Diff(Mi), the action of each individual element may
be smoothly isotoped to the identity along a small collar neighborhood ofMi in W ,
defining a diffeomorphism ofW supported in a neighborhood of the boundary. This
parallels the framework set up by Ghys in [Ghy91] and studied further in previous
work of the authors [MN20] on obstructions to extending isotopically trivial actions
on some manifold M to a manifold W with ∂W = M . However, neither of these
works furnishes an example of such a group Γ such that ∆(n,Γ) is nontrivial for
any n > 1. This is the primary motivation of this note. We exhibit an example of
such a group, and give both geometric-topological tools and cohomological tools to
further pursue the bordism problem.
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Results. Let G′ ⊂ Diff0(S
1) be the smooth conjugate of the standard action of
Thompson’s group constructed by Ghys and Sergiescu in [GS87]. The notation G′
is adopted from their work.
Theorem 1.2. Let Γ = G′ ×G′. The product action ρ ∶ G′ ×G′ → Diff0(S
1 ×S1) is
a nontrivial element of ∆(Γ,2).
As in [MN20], we give two independent approaches to this problem: one using
geometric topology, and one using cohomology of diffeomorphism groups. The
geometric approach relies heavily on torsion elements. The key tool is the following
theorem, its proof uses the geometrization theorem and an analysis of finite order
diffeomorphisms of geometric manifolds.
Theorem 1.3. Let M be a 3-manifold with ∂M ≅ T 2, and suppose G1,G2 are
subgroups of Diff0(S
1) containing torsion elements of arbitrarily high order. If the
action of G1 ×G2 on S
1 × S1 = T 2 extends to a smooth action on M , then M is
diffeomorphic to a solid torus.
The cohomological approach to the bordism problem uses powers of the Euler
class as cohomological obstructions to extending group actions. In this case, instead
of assuming the existence of torsion, we assume nonvanishing of powers of the Euler
class as follows. As is well known, H∗(BHomeo0(T
2);Q) ≅ Q[x1, x2] where each
xi is a cohomology classes of degree 2. One can think of x1 and x2 as the Euler
classes from each factor of T 2 = S1 × S1. We show the following.
Theorem 1.4. Let M be an irreducible 3-manifold whose boundary ∂M is home-
omorphic to a torus and suppose that the product action of H = G1 × G2 on
∂M = S1 × S1 induces an injective map Q[x1, x2] → H∗(BH ;Q). If this action
extends to any C0 action on M , then M ≅D2 × S1.
The proof uses the solution of Kontsevich’s conjecture for irreducible 3-manifolds
with non empty boundary by Hatcher and McCullough ([HM97]). The statement
is a generalization of [MN20, Proposition 2.2], which considered a more restrictive
extension problem.
Remark 1.5. The product action of G′ × G′ where G′ is Thompson’s group, as
discussed above, fits the conditions of Theorem 1.4, so this gives an alternative proof
of Theorem 1.2 in the restricted case where the bounding manifold M is required
to be irreducible. It would be interesting to see if one can drop the irreducibility
condition in the above theorem.
Since our motivation comes from the question of bordism of group actions, we
framed Theorem 1.4 as a rigidity statement for actions of a fixed groupH . However,
if one is interested instead in finding obstructions to extending actions of a group
to a fixed irreducible 3-manifold M , then our work applies to a much wider class of
groups. For a given irreducible 3-manifoldM bounding T 2 (and not homeomorphic
to the solid torus), we can find an integer n(M) depending on M such that eki ∈
H2k(Gi;Q) cannot be nonzero for both i = 1,2 when k > n(M). Thus, one does
not need injectivity of Q[x1, x2] → H∗(BH ;Q), but rather only that powers up to
n(M) do not vanish.
The advantage of the cohomological approach is that Theorem 1.4, in principle,
could provide an obstruction to extending actions of torsion free groups. For ex-
ample, the mapping class group of a surface of genus g with a marked point Γg,1
is a subgroup of Homeo0(S1) It is known ([Jek12]) that eg−1 ∈ H2g−2(Γg,1;Q) is
not zero where e ∈H2(Γg,1;Q) is the Euler class. On the hand, we know that Γg,1
has torsion free finite index subgroups ([FM12, Theorem 6.9]). Hence, we have
torsion free subgroup of Homeo0(S1) that support high powers of the Euler class.
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To apply the theorem, we need examples of groups for which no power of the Euler
class vanishes.
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2. Finite order elements in diffeomorphisms of 3-manifolds
To prove Theorem 1.3, we first analyze how existence of finite order diffeomor-
phisms of high order constrains the possible geometric structures on a 3-manifold.
This section can be read independently from the rest of the work.
Proposition 2.1. Let M be a compact, irreducible 3-manifold, possibly with bound-
ary. There exists n = n(M) such that any nontrivial finite order diffeomorphism
of M of order at least n acts on M by isometries of a Seifert fibered geometric
structure on M . In particular, if M is not itself geometric and Seifert fibered, then
it does not admit finite order diffeomorphisms of arbitrarily high order.
This proposition relies heavily on Thurston’s geometrization conjecture, which
we recall here:
Theorem 2.2 (Geometrization). The interior of any compact, orientable 3-manifold
can be split along a finite collection of essential, pairwise disjoint, embedded spheres
and tori into a canonical collection of finite-volume geometric 3-manifolds after cap-
ping off all boundary spheres by 3-balls.
We refer the reader to [BBM+10] for a survey and further references. While we
prove the general statement above, in our intended application M is assumed to
have nonempty boundary, and for this we need only use Thurston’s geometrization
theorem for Haken 3-manifolds.
The proof of Proposition 2.1 proceeds by considering a decomposition of M into
geometric pieces (which we will eventually see is forced to be trivial if M admits
diffeomorphisms of arbitrarily high order). Of the eight 3-dimensional geometries,
the only two which are not Seifert fibered are H3 and Sol. As is well known, Mostow
rigidity implies that the isometry group of a finite volume hyperbolic 3-manifold is
finite, hence the maximal order of a finite order element is bounded. This is also
true of solvmanifolds, however we did not find a stand-alone proof in the literature,
so provide one now.
Lemma 2.3. Let N be a finite volume solvmanifold. There exists k ∈ N such that
N has no finite order diffeomorphism of order greater than k.
Proof. Let N = G/Γ be a finite volume solvmanifold, where G = Sol and Γ is a
discrete subgroup of Isom(Sol). We recall some general structure theory, further
details can be found in [Sco83]. The group G has the structure of a split extension
0→ R2 → G→ R→ 0
where t ∈ R acts on R2 by t ⋅ (x, y) = (etx, e−ty). Identifying G with triples of
real numbers (x, y, t), the planes t=constant give a foliation of G invariant under
isometries and N is naturally a finite quotient of a torus bundle over the circle,
hence compact. The identity component of Isom(G) is simply G itself acting by
left-multiplication and has index 8. This implies that N has a finite cover (of degree
at most 8) that is the quotient of G by a discrete subgroup. Every such manifold
is the mapping torus of a linear Anosov map of T 2.
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Let h be a finite order isometry of N . It is no loss of generality to lift h to the
mapping torus cover N ′ of N and prove that the order of the lift is bounded, so now
we work with a finite order diffeomorphism of N ′ = G/Γ′, where Γ′ = Γ∩G. Abusing
notation, let h denote this diffeomorphism, and suppose it is of order d. Referring
to the split extension sequence above, we have Γ′ ∩R2 ≅ Z ×Z and Γ′ ∩R ≅ Z, and
if Γ′ ∩R is generated by t ∈ R, then the monodromy of the mapping torus is given
by ( e
t
0
0 e−t
), which in the basis given by the identification Γ′ ∩R2 ≅ (Z ×Z) is some
integer matrix A ∈ SL2(Z).
Let r be the largest root of A in SL2Z, i.e. the maximal number such that
there exists some B ∈ SL2Z with B
r
= A. The map h lifts to an isometry hˆ of G
preserving the vertical two-dimensional foliation of G. Again, for simplicity, we can
work instead with hˆ8 which still descends to a finite order homeomorphism of N ′
(say of order d′) and now lies in G. The subgroup generated by Γ′ and hˆ is again
discrete in G, with quotient the mapping torus of an Anosov map which is a root
of A, since the d′-fold cover of this mapping torus is simply N ′. Thus d′ < r, and
since 8d′ ≥ d, we conclude d ≤ 8r. 
We need one further lemma on Seifert fibered manifolds, which follows from work
of Meeks and Scott.
Lemma 2.4. Let N be an irreducible Seifert fibered manifold with a torus boundary
component T . Assume N is not diffeomorphic to the solid torus or an S1 bundle
over the annulus or Mobius band. There exists l ∈ N such that any diffeomorphism
of N preserving T of order at least l has a nontrivial power which preserves the
fibers of some Seifert fibration.
Proof. Fix a Seifert fibered manifold N as in the statement, and suppose f is a
finite order diffeomorphism of N . By our assumptions on N , it has at most two
Seifert fiberings. (With the exception of the twisted I-bundle over the torus and
I-bundles over the Klein bottle, N will in fact have a unique Seifert fibering, see
[Pre´12, 1.1.2]). Thus, replacing f with f2, we conclude that f preserves a Seifert
fibration up to isotopy. By [MS86, thm. 2.2], N therefore admits an f2-invariant
Seifert fibration. Consider the induced action of f2 on the base orbifold. This is a
finite order homeomorphism preserving a boundary component (corresponding to
the boundary component T ). Unless this orbifold is the disc with one or zero cone
points, the annulus, or the Mobius band (which are excluded by our assumptions),
then it admits a singular hyperbolic structure and hence there is an upper bound,
depending on the geometry of the orbifold, on the order of a finite order homeo-
morphism. Call this bound d. Thus, requiring that the order of f be greater than
2d implies that some nontrivial power of f preserves a Seifert fibration and acts
trivially on the base orbifold, hence acts by rotating the fibers. 
Proof of Proposition 2.1. Given M , let j be the number of geometric pieces in a
decomposition of M by tori into finite volume geometric manifolds. Let k be the
maximum order of a finite order isometry of any hyperbolic or Sol geometry piece
of M (the latter only possibly occurring if M is itself a solvmanifold, since finite
volume solvmanifolds are compact), and set k = 1 if M has no such pieces. Finally,
consider each Seifert fibered piece of M and let l be larger than the product of the
maximal orders of non-fiber preserving isometries of each piece.
Suppose that M admits some finite order diffeomorphism f of order m > lkj!.
Then one may find a decomposition of M into geometric pieces invariant under f
[Zim82] hence f j! is a finite order diffeomorphism preserving each piece. If k > 1,
then there is some invariant hyperbolic or sol geometry piece M0 such that f
kj!
is the identity on M0. Since f
kj! is finite order, it follows that it is the identity
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everywhere (using the easy fact that a finite order diffeomorphism cannot be the
identity on an open set) hence f is of order at most lkj!, contradicting our choice.
Thus, k = 1, and M cannot itself be hyperbolic or a solvmanifold by Lemma 2.3,
so M has only Seifert fibered pieces.
We now claim that M in fact has only one geometric piece. To show this,
suppose for contradiction that it had at least two pieces and let M1 and M2 be
Seifert fibered pieces with a common boundary torus T . Since these pieces are
noncompact, their geometric structure is either H2 ×R or S̃L2(R), so in particular
they fit the conditions given in Lemma 2.4, using f j! as our finite order isometry.
Thus, f j! has a nontrivial power which preserves the fibers of the Seifert fibering
of each piece. Since this is a nontrivial finite order diffeomorphism, it acts by
rotating the fibers. A regular fiber γi Mi determines an element of pi1(T ), but
these cannot agree, elseM1∪T M2 would itself have a Seifert fibering, contradicting
the minimality of the canonical decomposition. 
Remark 2.5. While proposition 2.1 does not hold for homeomorphisms of M , one
may use Pardon’s theorem that any continuous finite group action on a 3-manifold
can be uniformly approximated by smooth actions [Par19] to show the following:
if M admits a homeomorphism h of sufficiently high order (here thought of as an
action of a finite cyclic group), then M is Seifert fibered and h can be approximated
by an isometry of a model geometric structure.
As a consequence of the above result, we have the following.
Proposition 2.6. Let M be a 3-manifold with torus boundary not diffeomorphic
to the solid torus. Let G ⊂ Diff(S1) be a group containing torsion elements of
arbitrarily high prime order. Then any action of G ×G on S1 × S1 = ∂M does not
extend to an action by homeomorphisms of M .
As in the previous results, “arbitrarily high prime order” can be replaced by a
bound which depends on the topology of M .
Proof. Consider a prime decomposition ofM . Let p be the number of factors in the
decomposition, and letM ′ be the factor containing the torus boundary component.
As a first case, assume that M ′ is not the solid torus. Let n be the bound given by
applying Proposition 2.1 to M ′. We claim that, if g ∈ G and f ∈ G have sufficiently
large order and (f,1) and (1, g) generate a cyclic subgroup ⟨(f, g)⟩ ≅ Z/mZ, then
the action of this subgroup does not extend to M .
To prove the claim, suppose for contradiction that the action of the cyclic group
extends. By [Par19], the action of the group generated by (f, g) may be uniformly
approximated by an action of this cyclic group by diffeomorphisms. Moreover, since
the action is free on the boundary, we may in fact take such a diffeomorphism to be
conjugate on the boundary to the original action of (f, g). Take such an action by
diffeomorphisms, and apply the equivariant sphere theorem [Dun85] to M , giving a
decomposition into prime factors that is invariant under (f, g), so (f, g)p! fixes each
factor. By proposition 2.1, the interior ofM ′ is a Seifert fibered geometric manifold
and (f, g)n! acts on M ′ preserving the finite volume metric provided the order of
(f, g) is greater than np!. If the orders of f and g are sufficiently large, then (f,1)p!
and (1, g)p! are both nontrivial powers of (f, g)p!, they both act as isometries ofM ′
rotating the fibers of the torus boundary. However, this contradicts the fact that
the action on the boundary agreed with the original product action, where f and
g rotate orthogonal fibers.
To treat the case where M ′ is the solid torus, we argue as follows. As before,
we can apply the equivariant sphere theorem and get an action of (f, g)p! on the
solid torus minus an open ball. Cone off the action over a ball glued to the sphere
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boundary component to get an action on the solid torus. Now double the torus
along its boundary to get an action on the 3-sphere. By Smith fixed point theory,
any prime order orientation preseving homeomorphism of the 3-sphere has fixed set
equal to a (possibly knotted) topological circle. Applying this to a power of (f, g)p!
of prime order, we get a contradiction since the original action on the torus of any
nontrivial element of the group generated by (f, g)p! has no fixed points, so the
fixed set for its doubled action on the doubled solid torus cannot be a connected
set. 
The next proposition gives the final ingredient in the proof of Theorem 1.2. As
in the introduction, we let G′ denote the smooth conjugate of Thompson’s group
in Diff∞(S1).
Proposition 2.7. Let G′ act on the boundary S1 × S1 of the solid torus D2 × S1,
via the standard action on the first factor and trivially on the second S1 factor.
Then this action does not extend to an action by C1 diffeomorphisms on D2 × S1.
Proof. First, work with the non-smooth version of Thompsons group. Note that
the lift of such a homeomorphism to a 2k–fold cover of the circle is again an element
of Thompson’s group. Since the smooth version is a conjugate of this action, the
same result is true for the smooth version.
Since Thomspon’s group is perfect, every element is a product of commutators.
Thus, we can write an order 2 element of Thompson’s group as a product of com-
mutators. Denote this by r2 = [a1, b1]...[ak, bk]. Choose lifts of ai and bi to the
4-fold cover of the circle. These will all commute with the order 4 rotation. De-
note these by Ai and Bi respectively. Let r denote the product of commutators
r = [A1,B1]...[Ak,Bk]. Then r is a lift of the order two element, so it has order
8. Also, r2 is a covering map, so commutes with each Ai and each Bi. Now we
may conclude the proof by directly applying an argument from [MN20] that was
inspired by a similar strategy used by Ghys [Ghy91]. In outline, one first shows
that r has nonempty fixed set, as can be seen easily from lifting the action to the
universal cover of the solid torus, and this fixed set is equal to a circle embedded in
the solid torus, and invariant under the (commuting) diffeomorphisms Ai and Bi.
Taking a trivialization of a tubular neighborhood of this fixed set, the derivatives
of r at any such point may be taken to have the form (A 0
0 1
), where A ∈ O(2) has
order 8. The derivatives of Ai and Bi commute with this linear map, but it is easily
checked that the centralizer of such a map is abelian, hence r cannot be written as
a product of commutators. Further details can be found in [MN20]. 
Since G′ has elements of arbitrarily high order, combining the above propositions
yields Theorem 1.2.
Corollary 2.8. G′×G′ is a finitely generated group with an action on S1×S1 which
does not extend to an action by C1 diffeomorphisms on any three manifold bounded
by S1×S1. With the exception of the case where the bounding manifolds is the solid
torus, the action furthermore does not extend to an action by C0 homeomorphisms.
3. On powers of the Euler class
Let M be an irreducible 3-manifold with boundary ∂M ≅ T 2. In this section we
prove Theorem 1.4, showing that in the case where M is not homeomorphic to the
solid torus, there is a cohomological obstruction to extending groups acting on ∂M
to actions on M . The advantage of cohomological obstruction in low dimensions is
that it is insensitive to the regularity of the action, so we do not have to appeal to
smoothing results to approximate C0 actions by differentiable ones.
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Consider the map between classifying spaces induced by the restriction map
BDiff(M,∂0) → BDiff0(T 2) ≃ BT 2.
Theorem 1.4 is a consequence of the following proposition.
Proposition 3.1. Let M be an irreducible 3-manifold with boundary ∂M ≅ T 2 such
that it is not diffeomorphic to the solid torus. Then there exists an integer k such
that the map induced by the restriction map
Hk(BDiff0(T 2);Q)→Hk(BDiff(M,∂0);Q)
has a nontrivial kernel.
Proof of Theorem 1.4. If the action of H on the boundary extends to a C0-action
on M , then we have a homotopy commutative diagram between classifying spaces
BHomeo(M,∂0)
r

BH
ρ
//
φ
88
q
q
q
q
q
q
q
q
q
q
q
BHomeo0(T 2).
It is a well-known fact that in dimensions smaller than 4, the inclusion of dif-
feomorphism groups into homeomorphism groups is a weak homotopy equivalence
(for dimension 3 see [Cer61] which is based on Hatcher’s proof [Hat83] of Smale’s
conjecture and for dimension 2 see [Ham74]). Hence, the the induced map
ρ∗ ∶H∗(BHomeo0(T 2);Q)→H∗(BH ;Q),
would be injective in all degrees by the hypothesis. But by Proposition 3.1 the map
r∗ has a nontrivial kernel and since ρ = r ○φ, it implies that ρ∗ also has a nontrivial
kernel which is a contradiction. 
Proof of Proposition 3.1. Recall that M is an irreducible 3-manifold with a single
torus boundary component. SinceM is not diffeomorphic to a solid torus, its bound-
ary is incompressible. For such manifolds, the JSJ decomposition ([Joh79, JS79])
gives a canonical set of disjoint embedded incompressible tori and incompressible
annuli (possibly empty), so that cutting M along those tori and annuli gives a de-
composition of M into pieces that are either Seifert fibered, I-bundles over surfaces
of negative Euler characteristic, or admit a hyperbolic structure on the interior (see
also [HM97, Section 4]). When M has only torus boundary components - the case
of interest to us - no annuli are needed in the decomposition (see [Neu96, Section
5]) and the piece with torus boundary is either Seifert fibered or has hyperbolic
interior.
We consider three cases depending on whether the JSJ decomposition is trivial,
and if trivial, depending on the structure of the piece with the torus boundary.
Case 1: M/T is hyperbolic. Here and in what follows we use the nota-
tion Mod(M) to denote the mapping class group pi0(Diff(M)). Then Mod(M) is
isomorphic to the group of isometries Isom(M/T ) which is a finite group.
Recall that Diff(M,∂0) denotes the subgroup of Diff(M) that restricts to dif-
feomorphisms of the torus boundary T 2 that are isotopic to the identity and let
Mod(M,∂0) be the corresponding mapping class group. Since Mod(M,∂0) is a
subgroup of a finite group, it is also finite.
Claim. pii(Diff(M,∂0)) = 0 for i > 0.
Proof of the claim. There is a fibration
(3.2) Diff(M, rel ∂0)→ Diff(M,∂0)→ Diff0(T 2),
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where Diff(M, rel ∂0) denotes the subgroup of Diff(M) that restricts to the
identity on the torus boundary T 2. Since M is Haken, Hatcher’s theorem ([Hat99,
Theorem 2]) implies that pii(Diff(M, rel ∂0)) = 0 for i > 0. Hence, the long exact se-
quence of homotopy groups of the above fibration implies that pii(Diff(M, rel ∂0)) =
pii(Diff(M,∂0)) for i > 1. Hence, to finish the proof of the claim, we need to consider
the case i = 1. In other words, we need to show that the map
Z2 →Mod(M, rel ∂0)
in the long exact sequence of the homotopy groups of the fibration 3.2 is injective.
The group Z2 is generated by the Dehn twists around the meridian and the
longitude of the torus boundary T 2 which we may take to be supported in a collar
neighborhood of T 2. Fix a base point x ∈ T 2, then the Dehn twists around T 2
act as inner automorphisms on pi1(M,x). Given the hyperbolicity of M , the group
pi1(M,x) has no center. Therefore, the composition
Z2 →Mod(M, rel ∂0)→ Aut(pi1(M,x)),
is injective. Hence, the first map has to be injective. 
The claim implies that Diff(M,∂0) is homotopy equivalent to the finite group
Mod(M,∂0). Therefore, we have H˜∗(BDiff(M,∂0);Q) = 0 which implies that the
kernel of the map
Hk(BDiff0(T 2);Q) →Hk(BDiff(M,∂0);Q),
is nontrivial.
Case 2: M is a Seifert fibered space. Let M be a Seifert fibered manifold
where T 2 is a torus boundary component. We may assume that the boundary
of M is union of non-singular fibers. Since M is Haken and is not diffeomor-
phic to a solid torus, by Hatcher’s theorem ([Hat99, Theorem 2]), the identity
component Diff0(M,∂0) is either contractible or it has the homotopy type of S1.
First, let us assume that Diff0(M,∂0) ≃ ∗. In this case, we have BDiff(M,∂0) ≃
BMod(M,∂0). Since H∗(BDiff0(T 2);Q) is a polynomial algebra over Q, if we show
that Mod(M,∂0) is virtually cohomologically finite i.e. H∗(BMod(M,∂0);Q) van-
ishes above some degree, we can conclude that the map on rational cohomology
induced by the restriction map
BMod(M,∂0)→ BDiff0(T 2),
has a nontrivial kernel. Hence it is enough to show that the mapping class group
is virtually cohomologically finite.
The mapping class group of Seifert fibered spaces are well understood. Except
few exceptional cases, the Seifert fibered structure is unique and for these cases
the mapping class group is isomorphic to the fiber-preserving mapping class group
([Joh79, Proposition 25.2 and Proposition 25.3], see also [Pre´12, Theorem 1]). The
only manifold with one torus boundary component among the exceptional cases is
the solid torus which is excluded by the hypothesis.
Hence, in our cases that mapping class group is isomorphic to the fiber-preserving
mapping class group, and this group sits in a short exact sequence between “verti-
cal” and “horizontal” mapping class elements as follows. Let M be fibered over a
surface Σ with the projection p ∶M → Σ and let S be the set of projections singular
fibers to Σ. Let Diff∗(Σ, S) be the subgroup of Diff(Σ) that permute the points
in S with the same index of the corresponding singular fibers of Seifert fibered
space structure. Let Mod∗(Σ, S) be its group of connected components. Similar to
[HM97, Lemma 2.2], we have a short exact sequence
1→H1(Σ, ∂Σ)→Mod(M,∂0) →Mod∗(Σ, S) → 1.
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Let Σ0 be the surface obtained from Σ by cutting out a neighborhood of S. Since
Mod∗(Σ, S) is finite index subgroup of Mod(Σ0) which is virtually cohomologically
finite, so is Mod∗(Σ, S). Moreover, the abelian group H1(Σ, ∂Σ) is also virtually
cohomologically finite. Therefore, by [HM97, Lemma 1.1], we have Mod(M,∂0) is
also virtually cohomologically finite.
Now suppose Diff0(M,∂0) ≃ S1. Now we have a homotopy commutative diagram
(3.3)
BS1 BDiff(M,∂0)
BDiff0(T 2),
BMod(M,∂0)
ι
r
f
where the horizontal maps give a fibration induced by
Diff0(M,∂0)→ Diff(M,∂0)→Mod(M,∂0).
Note that f∗ ∶H2(BDiff0(T 2);Q)→H2(BS1;Q) has a nontrivial kernel, say x is
a nontrivial element in the kernel. Therefore, r∗(x) is in the kernel of ι∗. Consider
the fibration
BS1 → BDiff(M,∂0) → BMod(M,∂0).
Recall the filtration on the cohomology of the total space of a fibration f ∶E →
B that gives rise to the Serre spectral sequence is induced by the pre-image of
the skeleton filtration of B, and the filtration terms are given by FpH
n(E) ∶=
ker(Hn(E)→Hn(f−1(sklp−1B))). Hence, the first term of filtration on the second
cohomology H2(BDiff(M,∂0);Q) is given by ker(H2(BDiff(M,∂0))
ι
Ð→H2(BS1)).
Since r∗(x) lies in the kernel of ι∗, it implies that r∗(x) has a positive filtration
in the Serre spectral sequence. Therefore, for some power k, we know that r∗(xk)
has a Serre filtration beyond the Q-cohomological dimension of Mod(M,∂0). Thus,
for some k, the class r∗(xk) has to vanish in rational cohomology. However, since
H∗(BDiff0(T 2);Q) has no nilpotent element, xk is a nontrivial element in the kernel
of r∗.
Case 3: M has a nontrivial JSJ decomposition. In this case Hatcher’s
theorem [Hat99, Theorem 2] states that the identity component of Diff(M,∂0) is
contractible. Let T0 be the torus in the JSJ decomposition that cuts out the unique
piece P containing the boundary torus T 2.
Let Diff(M,T0, ∂0) denote the subgroup of Diff(M,∂0) that preserve T0. From
Hatcher’s theorem [Hat99, Theorem 1] on the homotopy type of spaces of embed-
dings of incompressible surfaces in a Haken manifold, we have EmbT0(T 2,M) ≃ T 2
where EmbT0(T
2,M) is the space of embeddings of tori isotopic to T0. As is also
explained in [HM97, Page 107], from the uniqueness of the JSJ decomposition and
Hatcher’s theorem, we conclude that the map
Mod(M,T0, ∂0) →Mod(M,∂0),
is an isomorphism. Hence, given the homotopy commutative diagram
BMod(P,∂0)

BMod(M,T0, ∂0) //
66
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
BDiff0(T 2),
we deduce that the map
H∗(BDiff0(T 2);Q)→H∗(BMod(M,T0, ∂0);Q),
has a nontrivial kernel. 
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Application to the extension or bordism problem. Let G ⊂ Homeo0(S1) be
Thompson’s group. (Altrnatively, one could work with its smooth conjugate G′,
as described in the introduction). Here show there is a cohomological obstruction
to extending the product action of G ×G on S1 × S1 to an irreducible manifold M
with torus boundary.
To do so, we recall what is known about the cohomology of G. Ghys and Sergi-
escu ([GS87, Theorem B]) used a theorem of Greenberg ([Gre87]) to prove that
there exists a map
BG→Map(S1, S3)/S1,
which induces a homology isomorphism where Map(S1, S3)/S1 is the homotopy
quotient 1 of the circle action on the space of loops on S3. Hence, they conclude
that
H∗(BG;Z) ≅ Z[α,χ]/α ⋅ χ,
where χ is the Euler class induced by the inclusion G ↪ Homeo(S1) and α is
also a degree 2 class which is a “PL version” of Godbillon-Vey class. From this
computation, what we need is H1(BG;Z) = 0 so G is perfect and the powers of the
Euler class χk ∈ H2k(BG;Z) are non-zero for all k. Therefore, by Proposition 3.1,
the action of G ×G on the boundary does not extend to a C0-action on M , unless
M is the solid torus.
Discussion: reducible case. One approach to proving the same statement as in
Proposition 3.1 for a reducible manifoldM with a torus boundary component would
be to generalize the solution of Kontsevich’s conjecture by Hatcher and McCullough
[HM97] for reducible 3-manifolds. For such M , in the previous paper ([MN20,
Theorem 1.2]) we proved that when M is not diffeomorphic to the solid torus, the
map
H2(BDiff0(T 2);Q)→H2(BDiff0(M,∂0);Q),
has a nontrivial kernel. Let x ∈ H2(BDiff0(T 2);Q) be a nontrivial element in the
kernel. Now, consider the homotopy commutative diagram
(3.4)
BDiff0(M,∂0) BDiff(M,∂0)
BDiff0(T 2).
BMod(M,∂0)
ι
r
f
Note that r∗(x) has a positive Serre filtration in the Serre spectral sequence for
the fibration BDiff0(M,∂0) → BDiff(M,∂0) → BMod(M,∂0). If we knew that
Mod(M,∂0) were virtually cohomologically finite, similar to the case 2 in the proof
of Proposition 3.1, we could argue that for some integer k, the class r∗(xk) has to
be zero which implies that the nontrivial class xk ∈ H2k(BDiff0(T 2);Q) is in the
kernel of the map
H∗(BDiff0(T 2);Q) →H∗(BDiff(M,∂0);Q).
Therefore, this discussion will leave us with the following question.
Problem 3.5. Let M be a reducible 3-manifold such that ∂M ≅ T 2. Is Mod(M,∂0)
virtually cohomologically finite?
Nonetheless, when M is the connected sum of only two irreducible 3-manifolds,
one can prove the following
1For a topological group G acting on a topological space X, the homotopy quotient is denoted
by X/G and is given by X ×G EG where EG is a contractible space on which G acts freely and
properly discontinuously.
ON THE BORDISM GROUP FOR GROUP ACTIONS ON THE TORUS 11
Proposition 3.6. Let P be an irreducible 3-manifold such that ∂P ≅ T 2 and Q is
a closed irreducible 3-manifold. Let M be P#Q. Then the map
H∗(BDiff0(T 2);Q) →H∗(BDiff(M,∂0);Q),
has a nontrivial kernel.
Proof. Let S ⊂M be a separating sphere. Since there is only separating sphere in
M up to isotopy, by a theorem of Hatcher [Hat81, Remark page 430] and Jahren
[Jah75], we know that Diff(M,S,∂0) which is the subgroup of those diffeomor-
phisms that preserve the sphere S setwise, is homotopy equivalent to Diff(M,∂0).
Therefore, we have the following homotopy commutative diagram
BDiff(P /D3, ∂0)

BDiff(M,S,∂0) //
66
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
BDiff0(T 2).
Hence, it is enough to show that
H∗(BDiff0(T 2);Q)→H∗(BDiff(P /D3, ∂0);Q),
have a nontrivial kernel. But this follows exactly similar to the proof of [MN20,
Lemma 3.13] by considering the cases whether P is the solid torus and using Propo-
sition 3.1 for the irreducible case. 
Hence, we pose the general case as a question.
Problem 3.7. Let M be a 3-manifold with boundary ∂M ≅ T 2 such that it is not
diffeomorphic to the solid torus. Does the restriction map
H∗(BDiff0(T 2);Q) →H∗(BDiff(M,∂0);Q),
have a nontrivial kernel?
References
[BBM+10] Laurent Bessie`res, Ge´rard Besson, Sylvain Maillot, Michel Boileau, and Joan Porti.
Geometrisation of 3-manifolds, volume 13 of EMS Tracts in Mathematics. European
Mathematical Society (EMS), Zu¨rich, 2010.
[Bon83] Francis Bonahon. Cobordism of automorphisms of surfaces. Ann. Sci. E´cole Norm.
Sup. (4), 16(2):237–270, 1983.
[Bro68] William Browder. Surgery and the theory of differentiable transformation groups.
In Proc. Conf. on Transformation Groups (New Orleans, La., 1967), pages 1–46.
Springer, New York, 1968.
[Cer61] Jean Cerf. Topologie de certains espaces de plongements. Bulletin de la Socie´te´
Mathe´matique de France, 89:227–380, 1961.
[Dun85] M.J. Dunwoody. An equivariant sphere theorem. 17(5):437–448, 1985.
[FM12] Benson Farb and Dan Margalit. A primer on mapping class groups, volume 49 of
Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 2012.
[Ghy91] E´tienne Ghys. Prolongements des diffe´omorphismes de la sphe`re. Enseign. Math. (2),
37(1-2):45–59, 1991.
[Gre87] Peter Greenberg. Classifying spaces for foliations with isolated singularities. Trans.
Amer. Math. Soc., 304(1):417–429, 1987.
[GS87] E´tienne Ghys and Vlad Sergiescu. Sur un groupe remarquable de diffe´omorphismes du
cercle. Comment. Math. Helv., 62(2):185–239, 1987.
[Ham74] Mary-Elizabeth Hamstrom. Homotopy in homeomorphism spaces, TOP and PL. Bul-
letin of the American Mathematical Society, 80(2):207–230, 1974.
[Hat81] A. Hatcher. On the diffeomorphism group of S1 × S2. Proc. Amer. Math. Soc.,
83(2):427–430, 1981.
[Hat83] Allen E Hatcher. A proof of the Smale conjecture, Diff(S3) ≃ O(4). Annals of Mathe-
matics, pages 553–607, 1983.
[Hat99] Allen Hatcher. Spaces of incompressible surfaces. arXiv preprint math/9906074, 1999.
12 KATHRYN MANN AND SAM NARIMAN
[HM97] Allen Hatcher and Darryl McCullough. Finiteness of classifying spaces of relative dif-
feomorphism groups of 3-manifolds. Geom. Topol., 1:91–109, 1997.
[Jah75] Bjorn Jahren. One-parameter families of spheres in 3-manifolds. ProQuest LLC, Ann
Arbor, MI, 1975. Thesis (Ph.D.)–Princeton University.
[Jek12] Solomon Jekel. Powers of the Euler class. Adv. Math., 229(3):1949–1975, 2012.
[Joh79] Klaus Johannson. Homotopy equivalences of 3-manifolds with boundaries, volume 761
of Lecture Notes in Mathematics. Springer, Berlin, 1979.
[JS79] William H. Jaco and Peter B. Shalen. Seifert fibered spaces in 3-manifolds. Mem.
Amer. Math. Soc., 21(220):viii+192, 1979.
[Kre84] Matthias Kreck. Bordism of diffeomorphisms and related topics, volume 1069 of Lec-
ture Notes in Mathematics. Springer-Verlag, Berlin, 1984. With an appendix by Neal
W. Stoltzfus.
[Mel79] Paul Melvin. Bordism of diffeomorphisms. Topology, 18(2):173–175, 1979.
[MN20] Kathryn Mann and Sam Nariman. Dynamical and cohomological obstructions to ex-
tending group actions. to appear in Mathematische Annalen, 2020.
[MS86] William H. Meeks, III and Peter Scott. Finite group actions on 3-manifolds. Invent.
Math., 86(2):287–346, 1986.
[Neu96] Walter D Neumann. Notes on geometry and 3-manifolds. Topology Atlas, 1996.
[Par19] John Pardon. Smoothing finite group actions on three-manifolds. arXiv:1901.1112,
2019.
[Pre´12] Jean-Philippe Pre´aux. A survey on seifert fiber space conjecture. arXiv:1202.4142,
2012.
[Sco83] Peter Scott. The geometries of 3-manifolds. Bull. London Math. Soc., 15(5):401–487,
1983.
[Zim82] Bruno Zimmermann. Das Nielsensche Realisierungsproblem fu¨r hinreichend große 3-
Mannigfaltigkeiten. Math. Z., 180(3):349–359, 1982.
Department of Mathematics, Cornell University, Ithaca, NY, 14850
E-mail address: k.mann@cornell.edu
Department of Mathematics, University of Copenhagen, Universitetsparken 5, 2100
Copenhagen, Denmark
E-mail address: sam@math.ku.dk
